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Abstract. Usually, an integrable nonlinear partial differential equation can be transformed to

its conformal invariant form (Schwartz form). Using the conformal invariance of the integrable

models, we can obtain many interesting results. In this paper, we will focus mainly in obtaining
new symmetries and new integrable models. Starting from the conformal invariance of an
integrable model, one can obtain infinitely many non-local symmetries. Many typestof)-1

and (2+ 1)-dimensional new sine—Gordon (or sinh—-Gordon) extensions are obtained from the
conformal flow equations of the Koerteweg—de Vries type equations. Many other kinds of
integrable models can be obtained from the conformal constraints of the known integrable
models.

1. Introduction

Since Gardner, Greene, Kruskal and Miura solved the Korteweg—de Vries (KdV) equation
by means of the inverse scattering transformation (IST) approach in 1967 [1], the modern
theory of solitons has been widely applied in physics and deeply studied in mathematics.
A wealth of interesting properties of soliton equations have been revealed. For example,
a soliton equation possessassoliton solutions, Bcklund and Darboux transformations,
the Lax pair, a bilinear form, a zero-curvature form, the Pailproperty, infinitely many
symmetries and conservation laws [2] etc.

In this paper, | will show that many interesting results of integrable models are related
to the conformal invariance. For instance, infinitely many non-local (and local) symmetries
of integrable models can be obtained from the conformal invariance of its Schwartz form.
Starting from the conformal flow equations of the KdV type equations, many kinds of sinh—
Gordon (shG) (and/or sine—Gordon (SG)) extensions can be obtained. Using the conformal
symmetry constraints, we can see that many other types of integrable models are linked to
each other.

In the next section, we show that infinitely many non-local (and then local) symmetries
of the KdV equation can be obtained from the single conformal invariance of its Schwartz
form. In section 3, it is shown that the well known SG (or ShG) equation is just a variant
of the conformal flow equation of the KdV equation. On the other hand, starting from
the conformal flows of the KdV extensions, many kinds of ShG (or SG) extensions both
in (1+ 1) and (2+ 1) dimensions are also given in section 3. In section 4, one can
see that using the symmetry constraints related to the conformal invariance of the KP
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equation, the (% 1)-dimensional AKNS system and a special type of-(2)-dimensional
AKNS system (including the asymmetric Davey—Stewartson (DS) equation and asymmetric
Nizhnik—Novikov—Veselov (NNV) system) can be obtained. The last section is a summary
and discussion.

2. Infinitely many symmetries of the KdV equation from the conformal invariance

Mathematically, for a nonlinear partial differential equation, say, KdV equation, there must
be infinitely manysymmetries (and then conservation laws) to guarantee its integrability. In
this section we write down the concrete procedure to derive the infinitely many symmetries
of the KdV equation from the conformal invariance of its Schwartz form.

A symmetry of the KdV equation,

Uy = Buity + ey = K(u) 1)
is defined as a solution of its linearized equation

.9
ol = 63, (uc") + 33" = IImoa—K(u +eo") = K'o". 2)
€—> €
In other words, equation (1) is form invariant under the transformation

u— u-+eo" 3)

with an infinitesimal parametex.
Using the transformation

1(ga) _1(ou)
=A—= - = 4
! 2(¢x>x 4<¢x> @
the KdV equation (1) can be changed to its Schwartz form (the SKdV equation)
o = {¢; X} + BAD, (5)

where{o; x} = (Pxxr/Px) — %(d)m/q&x)z is the Schwartz derivative. The arbitrary constant

A has been entered into equations (4) and (5) because of Galilean invariance of the KdV
equation (1). From equation (4), we know that the symmetries of the KdV and SKdV
equations are related to each other by

M__} i2_¢xx ¢_} ¢xx i2_¢xx ¢
o= 2ax<¢xax ¢§a">“ 2<¢x)<¢xax ¢33">"' (©)

It is well known that the SKdV equation (5) is invariant under the finit@dibus (conformal)
transformation:
a—+ bg

¢ — 1 do (ad # cb). @)

The finite conformal transformation (7) can be considered as a combination of three
transformations: translation—inverse—translation. Here we only treat a special case for
a =0,b=c=1andd = ¢. In this special case, the conformal transformation (7)
can be written to its infinitesimal form:

¢ —> ¢ —e¢? ®
i.e. —¢? is a symmetry of the SKdV equation (5). Using the transformation relation (6), we
get a non-local symmetry of the KdV equation corresponding to the conformal invariance
of the SKdV equation

o =2¢, =, ¥2 =K () 9)
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whereys andu are related by the well known Sdidinger equation

Now starting from the single non-local symmemél), we can obtain infinitely many non-
local symmetries of the KdV equation. Because of the paranieteeing an arbitrary
constant, we can treat it as a small parameter and exﬁéﬁ(j}\) as a series in.:

1 /09"
(o)

KPm=3

n=0
Substituting equation (11) into the symmetry definition equation (2), we can conclude that

Am, (11)
=0

KO = 197
" n! oA

must also be a symmetry of the KdV equation foral: 0, 1, 2, ... because of the linearity

of equation (2) and. being arbitrary. That is to say, the conformal invariance of the KdV

equation (and its variants) implies that it possesses a set of infinitely many symmetries

KD, To give an explicit form ofK Y, we solve equation (10) formally. The result reads

(W =0) = o)

K§Y (W) o

Y1) = fj(af +u) Fyort = i(m/foa;lwaza;lwo)kwoxk. (12)

Substituting equationk(:90) with (12) into (11];:;ields
K = 2i((woaglwazaglwomo)(woa;lwaza;lx/fo)"*"wo)x (13a)
= 22]:'2(3 Y50, o 205 Mg 20, ) (Wig)e = 2210, (Y. (130)

where ®,, the recursion operator of the KdV equation, appears naturally when we try to
write (1) as a single term. The set of infinitely many symmetig? is just one set of
known non-local symmetries obtained by other approaches [3, 4].
The other two sets of infinitely many non-local symmetries

K,EZ) — 2211 qu.—n (,(//gax—le—ZBX—ll/fo—Z)x (14)

K® =220, (Y50, 5 ). (15)
given in [3] can be re-obtained easily frokif because if/ is a solution of the Sclkidinger
equation (10), then

ey + cpd ty 2 (16)

is also a solution of (10).
On the other hand, there is a set of infinitely many local symmetries

K = oju, (17)

of the KdV equation (1). Actually, the existence of the set of non-local symmeki(és
implies the existence of the set of local symmetr€® [5] because of the flow equation

of the KdV (1) corresponding to the conformal invariance can be transformed to the well
known sinh—Gordon (ShG) equation

wy, = Sinh(2w) (18)

and the ShG equation is symmetric for the spacetime}.
In summary, for the KdV equation the conformal invariance implies the existence of
one set of infinitely many local symmetries and three sets of non-local symmetries.



4806 Sen-yue Lou
3. Conformal flows of the KdV-type equations and the ShG extensions

For the KdV equation, one can easily prove that the well knows (3-dimensional ShG
(or sine—Gordon (SG)) equation (18) is just a variant form of the conformal flow equation
of the KdV equation (1)

Uy = ¢xx = (wz)x- (18y

Actually the conformal flow equation (18yith (10) and the ShG equation (18) are related
by the Miura transformation (4) with, = expw.

On the other hand, there are many4{1)-dimensional and (# 1)-dimensional KdV-
type integrable extensions. We believe that for every integrable KdV extension, there
is a corresponding ShG (or SG) extension. The most convenient method to obtain the
corresponding ShG (or SG) extension is to study the conformal flow equation of the KdV
extension. In this section, we give out some concrete {J- and (24 1)-dimensional ShG
extensions from the conformal flow equations of the KdV extensions.

3.1. Coupled ShG extension from the Hirota—Satsuma model

In (1 4 1)-dimensions one of the most famous KdV extensions is the so-called Hirota—
Satsuma (HS) system [6]:

U, = 6uit, + Uy — BV, (19)
v, = —6uv, — 20,,y. (20)

It is obvious that the HS system reduces back to the KdV equation (%) 0.

To find the corresponding ShG extension related to the HS system, we should first
transform the HS system (19) and (20) to its conformal invariant form. The most convenient
way to obtain the conformal invariant form of the HS system is to use the standard singularity
analysis method [7].

Using the truncated singularity analysis, we obtain the conformal invariant form of the
HS system

4¢x ¢t . 3¢xxw2
¢”~*U[(@‘{¢’x})x+ 23 “

— ¢ . Oxx 31//2
- I:waxx + WX <¢X - 4{¢a x} - 3 ¢§ - 2¢3> + wtil (21)
2¢2 DU\ (S . b 3P 2¢°
3 <21// - ¢xxx ) <¢x - 4{¢a x} -3 (bf - 2¢3> - 3¢xxx (Zw,rxx + 1//;)

Fa¢ (Y brx + PeVex — Vi) — 2092, +¥° =0 (22)
where{¢, ¥} equations (21) and (22) ardd, v} equations (19) and (20) are related by
8¢2vx — AoV + BUYG? + Ap2 Wk + MY eprrs — 207 + Y =0 (23)
—Ap PrxPrrx + 21/“)(155 + 4ux¢§ + 20y + 2¢Sx - ¢xx1/f2 + 2¢3¢xxxx =0. (24)

Obviously equation (21) foty = 0 is just the usual Schwartz KdV equation.
The conformal flow equation of the HS system reads

Ur = 2¢xx (25)
v =Y (26)
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with equations (23) and (24). Whefs = 0 andv = 0, equation (24) is just the Miura
transformation

U=—Wyy — w)f + X (27)

with ¢, = exp(2w) and equation (25) is just the ShG equation (18). For the general,
using the extended Miura transformation

u:—wxx—wf—%f (28)
we get a coupled integrable ShG extension related to the HS system:

wy; = 2Sinh(2w) + 2 sinh(2F) (29)

fi = 4(0, + 2w, ) Sinh(2F) (30)

fr = (Vv — wxvtz) exp(—4w) + vv, exp(—2w) (31)

8expw)v, + 4(dx — 2wy)vy, — fu, + v,3 exp(—4w) = 0. (32)

3.2. (2+ 1)-dimensional ShG extensions fromH{2)-dimensional KdV-type equations

In addition to the (1+ 1)-dimensional KdV extensions, there are some different (©-
dimensional KdV extensions such as the KP equation, the Boiti-Leon—Manna—Pempinelli
(BLMP) equation, the breaking soliton equation and Nizhnik—Novikov—Veselov (NNV)
equation. In this subsection, we transform the conformal flow equations of twol(2
dimensional KdV-type equations to the {21)-dimensional ShG extensions.

3.2.1. ShG equation from the KP equatiorUsing the truncated singularity analysis on the
KP equation [8]

(ur + Uy + 6uny)y +3uy, =0 (33)
we get its conformal invariant form (Schwartz form)
¢ 3¢>3> (%)
—+{¢; x}+=—=| +3(—=) =0 (34)
<¢X 2¢,€ X ¢)C y
The KP equation (33) and its Schwartz form (34) are related by
1 2. 7 1 [T (¢,
— Tt _ Pxx 7Y - ry dx. 35
"=l N g 4¢§+2/ (¢x>y (39)
From equation (35) we know that the non-local symmetry
o= 2¢xx = (wl//*)x (36)

of the KP equation (33) corresponds to the conformal invariandgb{dis transformation
invariance) of the Schwartz KP equation (34), whgrandy* are just the spectral functions
of the ‘time-’ dependent Sclirdinger equation

Uy + @ +u—0y =0 (37)
and its adjoint
Y+ @2 +u—Y*=0 (38)

respectively.
The conformal flow equation of the KP equation (33) now reads

u = Yy, (39)
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with (37) and (38).
Using the two-dimensional Miura transformation,
U= —wy —w, — w? (40)

the conformal flow of the KP equation will be changed to & (3-dimensional sinh—Gordon
extension:

(wy + Wiy + wf)yt = (sx ezw)xx (41)
wx + 3) Wy — 3C1E" + 3C2672) +wy, + (s €), = 0. (42)

The differential equation system (41) and (42) is equivalent to the complicated integro-
differential equation (23) of [9]. It is obvious that the {21)-dimensional ShG extension
(41) and (42) will reduce back to the known -(11)-dimensional ShG equation fer= 0
andw, = 0.

The same Miura transformation (40) will change the whole KP hierarchy and negative
KP hierarchy to the potential modified KP hierarchy and-(2)-dimensional sinh—Gordon
hierarchy, respectively [10].

3.2.2. ShG equations from the BLMP and NNV equatiodsiother known (2+ 1)-
dimensional KdV extension is the so-called BLMP equation [11]

Uy + Uyxy = 3(’48;1”)5),( (43)
which can be considered as the spécey} asymmetric form of the NNV equation [12]
Up =+ Usgyx + Uyyy — 3(u8y_lux)x — 3(u8x_1uy)y =0. (44)

From the singularity analysis of the BLMP equation (43), we can write the conformal
invariant form of (43) in the form

- (8) -5 (). 2((2)))
o+ 20 — () —2(2) 42(2
<>+¢x (qsx L e \e )L T\ )

2
% (;’ (9 x}>y 31 x), ((z)) _o, (45)

The BLMP equation (43) and its Schwartz form (45) now are related by
u(2¢y¢x¢xy - ¢)2v¢xx - ¢f¢yy) + ¢y¢xx¢xyy - ¢yy¢xx¢xy - ¢y¢x¢xxyy
+¢y¢x (¢xuy + ¢y”x) + ¢yy¢x¢xxy =0. (46)
Because of the conformal invariance of the Schwartz BLMP equation (45) and the

transformation relation (46), we find that the conformal flow of the BLMP equation has the
form

Uy = _2¢xy (47)
with (46).
Making the transformation
éx = expw (48)

to equation (46), the corresponding42)-dimensional ShG equation can be written in the
form:

u; = —2w, expw (49)
Wy = ry + 1wy (50)

(Oy + 7y 0y — Fyy — Tlyx + Zr)g)(’;jc(wxy — u)) = rf(wxxy — WyWyy). (51)
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Similarly, the conformal flow equation of the NNV equation (44) possesses the form
U = —20y, (52)
with
U2PyPrbry + 207Dy bry — PID2Dyy — G2P2Pur — BPur — BIByy)
i (BFD2 + B7b.) + uy (P67 + ¢26y)
—GuxyyPry (B2 + B2 + Dy (B5Pyybrxy + Dobryybrr)
— ¢y (D3 + G Pyynr + Pburryy + PrbrxyByy = 0. (53)

One can easily verify that when = x, equation (48) transforms (53) to the usual Miura
transformation and (52) to the known-(11)-dimensional ShG equation. So the conformal
flow equation (52) with (53) is a variant form of an integrable{2)-dimensional ShG
extension related to the NNV equation.

In summary, if we have a (£1)- or (24 1)-dimensional extension of the KdV equation,
we can also obtain a @ 1)- or (2+ 1)-dimensional ShG (or SG) model from the conformal
flow equation of the KdV extension. The ShG (or SG) extensions can be obtained by
means of the generalized Miura transformations and the conformal flow equations of the
KdV equations. The conformal flow equations can be obtained from the standard singularity
analysis and the Bbious transformation invariance of the singular manifold equations of
the KdV equations.

4. Integrable models from the conformal constraints

To find some integrable models (especially in higher dimensions) is also an important topic
in nonlinear science. The symmetry constraint (and/or reduction) method is one of the most
powerful tools to give new integrable models from known ones. In this section, we use the
symmetry constraints of the KP equation related to the conformal invariance to obtain the
corresponding integrable models both ir4{1) and (2+ 1) dimensions.

4.1. (1+ 1)-dimensional constraints of the KP equation

In principle, every one symmetry of a higher-dimensional model can be used to reduce the
original model to its lower form. For instance, the symmetry constraint conditions

uy =0 u, =0 u, =0 (54)

which are corresponding to the spacetime translation invariance will reduce the KP
equation (33) to the KdV equation

Uy + Uger +6uu, =0 (55)
the Bousinesq equation

Uyxre + Buttg, 4 6u? + 3u,, =0 (56)
and the linear wave equation

uy, =0 (57)

respectively. The most general Lie point symmetry constraints and the conditional Lie point

symmetry constraints reduce the KP equation (33) to the same equations (54)—(57) but with
different independent arguments [13, 14]. Now we use the conformal constraints to find

some more integrable models from the KP equation.
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Lety; andyf, i =1,2,...,N, j=1,2,..., M, be independent solutions of the Lax
pairs

Ve —u¥y + ¢y = L1y =0 (58)

Yy + Ao — Buy, — 3<ux - / Uy dx)tﬁ =L =0 (59)
and

Ve —uyt =y =L1y" =0 (60)

U Ayt — Buyl — 3<ux + / uy dx)gh* =Liy* =0. (61)

Then from the last section we know that; 1//;),( for all i, j are conformal invariance related
symmetries of the KP equation. Now substituting the symmetry constraint condition

N M
we =y > @@y (62)

i=1 j=1
whereg;; are arbitrary constants, into equations (58) and (60) we get a generalizett/(-
component AKNS system:

N M
wiy = _Vfixx + Z Z anmwnw:q Wi i = l’ 27 ..., N (63)
n=1m=1
N M
I/I;; = V/j*xx —ZZGIIml/fnl/f,t,l/{f ] =12....M. (64)
n=1m=1
WhenM = N
i 0 n#m
Apm = 8nm =
1 n=m

the equation system (63) and (64) is reduced to the usat@nponent AKNS system
[10].

Substituting (62) into (59) and (61) and using (63) and (64),:thart of the Lax pair
becomes a generalizé + M)-component modified KdV (mKdV) system= 1,2, ..., N,
j=1,2...,M):

N M N M
Ipit = _41//ixxx + 62 Z aannW;Wix + 62 Z anml//nxw;‘Wi (65)

n=1m=1 n=1m=1
N M N M
Uh == +6) Y aum V¥Vl +6Y Y awmVutin, Wi (66)
n=1m=1 n=1m=1

WhenM = N, a,,, = 8., the equation system (65) and (66) is reduced to the usMal 2
component mKdV system [15]. More especially, whi¥n= M = 1, y1 = ¢, ¢; = ™,
ai1 = 1, equation system (63) and (64) is the usual nonlineard@ahger (NLS) equation

Yy = —Yx + Y2 (67)

Uy = — Y (68)
and the system (65) and (66) is just the mKdV equation,

llfl = —4%” + 121#10*1%( (69)
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4.2. (2+ 1)-dimensional constraints of the KP equation

It is obvious that the KP equation is invariant under the inner parameter translation, say
z translation. That is to say, is also a symmetry of the KP equation. So similar to
(1 + 1)-dimensional constraint condition (62), we can use

N M
g: =YY _ai(iv))s (71)
i=1 j=1
wherea;;, i = 1,2,...,N, j = 1,2,..., M are constantsy; andy* are independent

solutions of the Lax pairs (58) and (59) and (60) and (61), as a new conformal constraint to
obtain a generalized {21)-dimensional AKNS system. Substituting the constraint condition
(71) to (58) and (60) fory = y;, ¥* = 7, we find a generalized\ + M)-component

(2 4+ 1)-dimensional AKNS extension:

N M
l/fiy = —VYixx + Z Z anmwiaz_l(wnw:q)x i=12...,N (72)
n=1m=1
N M
Vi =V — DD AV O W), =12 M. (73)
n=1m=1

When we takeM = N =a11 = 1, ¥1 = ¢, ¥; = ¥*, we get the simplest special case of
(72) and (73):
1//y = _wxx + llfa;l(lﬂlﬂ*)x (74)
Y=t — Y0 WY, (75)
One can easily prove that the equation system (74) and (75) is a flow equation of the well
known DS equation [16]:

Yy = —Vr = Yoo + YO (WY ) + Y0 WY, (76)

Y =l YL — YT ), — YO (Y ). (77)
In fact the system (74) and (75) is a spdaez} asymmetric form of the DS equation.
So we call (74) and (75) the asymmetric DS (ADS) system and the system (72) and (73)
(N + M)-component ADS system.

Substituting (71) into (59) and (61) and using (72) and (73),stpart of the Lax pair

becomes the generalizédy + M)-component (2 1)-dimensional modified KdV (mKdV)
system{=1,2...,N,j=212...,M):

N M
Vie = —Mivee +6 ) D aun(Wird W ¥i)e + Y30 Wan¥))  (78)

n=1m=1

N M
Uh == +6) Y A (W0 Wat)e + ¥ 0 W )n). (79)

n=1m=1
TakingM = N =a11 =1, y1 = ¥, ¥; = ¢*, the equation system (78) and (79) becomes
Vi = =W + O 07 (W) + 60 (¥ )s (80)
Ui = A+ BYTOT W) + BY O WY (81)

The system (80) and (81) reduces to the known asymmetric NNV (ANNV) equation,
Vi = = + 300 M), (82)
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for v* = 1/2. Fory™* = ¢ andz = x, the system (80) and (81) becomes the modified
KdV equation. So we call system (80) and (81) the modified ANNV equations and system
(78) and (79) thgM + N)-component modified ANNV system.

Using the similar conformal constraints to other integrable models we may get many
new integrable models, but here we do not discuss this problem further.

5. Summary and discussion

Conformal invariance plays a very important role in many physics fields. In particular, in
integrable theory, using the Paingwanalysis, most integrable models can be changed to
their conformal invariant forms (Schwartz forms). Starting from the conformal invariance
of the Schwartz forms of integrable models, various other interesting properties can be
obtained at the same time. For instance, using the conformal invariance of an integrable
model, say, KdV equation, we may find infinitely many symmetries. For the KdV equation,
we have obtained one set of infinitely many local and three sets of infinitely many non-local
symmetries from the conformal invariance.

For every kind of integrable extension of the KdV equation, there must exist a ShG
extension. The ShG extensions can be obtained from the conformal flow equations of the
corresponding KdV extensions and generalized Miura transformations. In this paper, the
concrete ShG extensions related to the Hirota—Satsuma, the Kadomtsev—Petviashvili, the
Boiti-Leon—Manna—Pempinelli and the Nizhnik—Novikov-Veselov equations are given.

Using every symmetry constraint to a higher-dimensional integrable model, one can
obtain a lower-dimensional integrable model. Using a conformal invariance related
symmetry constraint to the KP equation, a generalizéd-(M)-component AKNS system
is obtained. A more interesting result is that we can embed a lower-dimensional integrable
model to higher dimensions. Then using the symmetry constraints in the enlarged spacetime,
we can also obtain higher-dimensional integrable models. For the KP equation, after
embedding it to (3+ 1) dimensions{x, y, z, t} (i.e. considering that the solution of the
KP equationu is not only a function of the explicit space variablesy and: but also a
function of an inner space variabig, some (2+1)-dimensional integrable models including
the asymmetric Davey—Stewartson equation and asymmetric Nizhnik—Novikov—Veselov (or
named BLMP) equation are obtained from the symmetry constraints related to the conformal
invariance and the inner-space translation invariance.

In summary, when a model possesses a conformal invariant form, many interesting
integrable properties, such as infinitely many symmetries, and conservation laws can be
obtained. Furthermore, starting from the conformal invariance of an integrable model,
one can also find many new integrable models from the conformal flows and conformal
constraints.
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